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The purpose of this paper is to prove the higher-dimensional analogue of the local 



smoothing estimate of [10 



We denote by T the forward light cone 



T = {^R d+1 : = y/& + . .. + %}, 

Let N be a large parameter, C a constant, and let T^(C) denote the C-neighborhood 
of the cone segment {£ : 2~ C N < |£| < 2°N}. For fixed N, we take a partition of 
unity subordinate to a covering of S^ 1 by caps of diameter about N~*, and use this 
to form a (smooth) partition of unity ye on Tn(C) in the natural way. We will write 
rjv,e(C) = supple- Let E@ be a function whose Fourier transform coincides with ye on 
r A r(l). If the support of / is contained in 1^(1), we define 



p,mic 



(E Pe 



*f\\ P p 



for 2 < p < oo, and 

)jmic = sup || H * /|| t 



e 



Theorem 0.1 The following estimate holds if d > 3, p > pd = min(2 + ^3,2 1 
and f is supported in Y N {1): 



3d- 7' 



p,mic- 
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This is sharp except for endpoint issues for the indicated values of p, but on the 
other hand the expected range of p is p > 2 + -y^-; see the introduction to |10| . We 
opt in this paper for simplicity over efficiency. As will be seen, Theorem |0.1| is much 
easier than its two-dimensional analogue proved in jOJ; in particular, the geometrical 



arguments involved are much simpler. Improvements in the exponent should be possible, 
for example by extending the geometrical analysis of Section 1 of |I| (see also 0, @], fTj, 
[0]) to higher dimensions. Since this would complicate the paper considerably and could 
not in any case give a sharp result, we decided against carrying it out here. 

Theorem |0.1| implies the following partial result on the d+ 1-dimensional local smooth- 
ing and cone multiplier problems. We let ||/||p, a be the inhomogeneous Sobolev norm with 
a derivatives in LP. 



Corollary 0.2 (i) If u is a solution ofUu = 0, u(-,0) = /, ^(-,0) = in then 

H M ||LP(R d x[l,2]) — Cpa||/||p,a 



if p > Pd and a > 



(ii) Let px be a function in Cg°((l,2)), and let p 2 G C^(R d ). Then the cone multipl 
operators T a defined via T a f = m a f , where 



ler 



m n [x) 



\ x d+l — 



x\ + 



+ xl\ a p 1 (x d+ i)p 2 (x 1 , . . . ,x d ), 



are 



bounded on L p {R d+1 ) if p > Pd and a > d -^- 



d 
p ' 



The proof is identical to that of Corollary 2 in |T0[ and we will not reproduce it here. 
For further discussion we refer the reader to e.g. |], j|, @, 0, [p~0f| . 

The proof of Theorem p.l| follows the general outline of the proof of the 2 + 1- 
dimensional result in [10|. We will in particular rely on the "induction on scales" ar- 
gument of |10| : assuming that the estimate (|ID is known on scale y/~N, we can prove it 
on scale by applying it once on scale vN and once on a slightly smaller scale Nz~ e ° 
for some eo > 0. As in [10 1, the crucial step of passing from scale y/~N to N^~ € ° uses a 
certain localization property of functions, proved using geometrical arguments. The ge- 
ometry and combinatorics involved is, however, much simpler than in the d = 2 case; in 



particular, instead of the complicated bounds on circle tangencies proved in |10| we only 
need a fairly simple lemma concerning incidences between a set of points and a family 
of separated "plates" or tubes. We remark that the proof of Theorem p.l| for d > 4 and 
Pd = 2 + could be simplified even further, as it requires changing scales only once. 
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The paper is organized as follows. In Section [j] we explain the notation used throughout 
the paper and prove some general properties of the norms || || p>m j C . We then introduce N- 
functions, which are - in a useful sense - the basic components of functions with Fourier 
support in Tm(C) (Section ||). In Section | we deduce Theorem fTT] from the inductive 



step in Proposition |3.2| . The rest of the article is devoted to the proof of Proposition 
3.2 . In Section [| we obtain the necessary geometric information, including the incidence 



lemmas mentioned above. This information is used in Section to obtain the required 
localization properties of iV-functions. The main induction on scales argument is given in 
Section 

This work was partially supported by NSERC grant 22R80520 and by NSF grant 
DMS-0105158. 



1 Notation and preliminaries 

Throughout this paper we will fix the value of d > 3. We will use N to denote a large 
parameter and 6 to denote a small parameter; unless specified otherwise, we will assume 
that 5 = N" 1 . All constants appearing in the sequel, including e , e, M, Cj, will depend 
on d and p but not on N or 5. We will write A < B if A < CB with the constant C 
independent of N and 5, and A « B if A < B and B < A. We will also write A ^ B if 
A < (\og^) c B for some constant C. The constants C, Cj, and the implicit constants in 
< and J$ will be adjusted numerous times throughout the proof, in particular after each 
application of Proposition |3.2| . The constants eo will be assumed to be sufficiently small 
and will remain constant throughout the proof; we also let < e < Cq. Except when 
specified otherwise, t will be a dyadic number such that t »s 5 e °. 

We will use xe to denote the indicator function of the set E, and to denote the 
Lebesgue measure or cardinality of E depending on the context. A logarithmic fraction 
of E will be a subset of E with measure ^ \E\. 

Let a family of sets Sn be given for each N. We will say that Sn have finite overlap 
if there is a constant C such that for any iV any point in M. d+1 belongs to at most C sets 
in S N . 

A 5-plate is a rectangular box of size Cq5 x CqS^ x . . . x CqS^ x C whose longest axis 
is a light ray and whose axes of length C^d^ are tangent to the corresponding light cone. 
A 5-tube is a rectangular box of size Cq5 x . . . x Cq5 x Co whose longest axis is a light 
ray. The direction of a tube or plate is the direction of its longest axis. This direction will 
always be of the form (e, 1) with e G S . Two 5-plates or 5-tubes are comparable if one 
is contained in the dilate of the other by a fixed constant C, and they are parallel if their 
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axis directions fail to be C5-separated for a suitable C. A family of <5-plates or £-tubes is 
separated if no more than C are comparable to any given one. 

If 7r is a C x C c>2 x ... x Cod '2 x Co^-plate, with respective axes e\, . . . , ej+i, then we 
let ii* be a rectangle centered at the point Nej+i with axes e%, . . . , ej+i and respective axis 
lengths Cx,C 1 m,...,C x m,C x N, where d is a large constant. Thus n* is approximately 
dual to 7r and is contained in T^(C) for a suitable C. Two plates 7r,7r' have the same 
dual plate n* if and only if they are parallel. 

A a-cube is a cube of side length a belonging to a suitable grid on R d+1 ; thus any two 
o"-cubes are either identical or have disjoint interiors. If a is fixed, for any x G M. d+1 we 
denote by Q(x) the cr-cube such that x G Q(x); should x lie on boundary of two or more 
cubes, we pick one of them arbitrarily. 

If R is a rectangular box (e.g. a tube or a plate), we will denote by cR the box obtained 
from R by dilating it by a factor of c about its center. 

We define (p(x) = (1 + |x| 2 )~^~ with M large enough, and 4>r = <p o , where or is 
an affine map taking the unit cube centered at to the rectangle R; thus 4>r is roughly 
an indicator function of R with "Schwartz tails". If TZ is a family of rectangular boxes 
(usually tubes or plates), we write $7^. = YIir^k'&R- ^ e no ^ e ^ or future reference that if 
TZ is a family of separated 5-plates or 5-tubes, then for any 5-cube A we have 

max $rc < C mm & n (2) 

where C depends only on the choice of M . 

We let ifj(x) : M. d+1 — > R be a function such that 

1. -0 = rj 2 , where fj is supported in a small ball centered at 0. 

2. if) ^ on a large cube centered at the origin. 

3. The Z d+1 translations of form a partition of unity. 

We also write iJjr = ip o with aR as above. 

If a family of functions Tn is given for each N, we will say that the functions in 
are essentially orthogonal if 

II £ f\\l « E 11/112- 

For instance, functions with finitely overlapping supports or Fourier supports are essen- 
tially orthogonal. Another important case will be discussed in the next section. 

We conclude this section by stating and proving some basic properties of the norm 

|| ' ||p,mic- 

We first remark that, although we defined the norms || \\ p ,mic and stated Theorem 



0.1 for functions with supp / C Ta^I), we could as well have done so for functions with 
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supp / C T N (C) for some constant C; furthermore, all of our estimates will continue to 
hold in this case (modulo additional constant factors which will be ignored in the sequel). 
This is because Tn(C) can be covered by a bounded number of translates of sets of the 
form r>(l) with N' w N. 

Observe also that for p = oo ([!]) is just the trivial estimate 



d-l 



,<N— ||/|U,mic, (3) 

which follows directly from the definition of ||/||oo,mic using that / = J2e * / an< ^ t nere 
are at most N~ separated caps 6. 

Lemma 1.1 For all p > 2 we have 



2 



,.mfc< 11/115 ( 4 ) 



Proof Let /e = He * f. Since the supports of /e = ye f have finite overlap, the 
functions /e are essentially orthogonal: 

ll/lli, rai c = Ell/ell2«ll/lla- (5) 
e 

Plugging this into the trivial estimate 

11/115,™*, = Ell/ell^n^axll/ell^-^H/ell^ 

G G 

= II f P~ 2 II f II 2 

II J Hp, mic II J \\2,mic 

we obtain the lemma. □ 

The next lemma describes the behaviour of || • \\ P) mic under scaling. If / is a function 
on M d+1 and R is a rectangle, we define 

T R f = (ip R f) o a R = ip ■ (f o a R ). 

Lemma 1.2 Assume that supp f C Tn(C), and let Q be a a-cube for some 5 < a < 1. 
TTien Tq/ is supported in T a ^i{C'), where C depends on C and N' »s iV, and 

l|T Q /|U™ c <a-^ + |)||/|||||/||^L (6) 
provided p > 2. Moreover, if a > iV~2 £/ien 

IIW|| 2 <iV^||/||oo, miC . (7) 
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Proof We have Tq/ = ip * (f o oq). By scaling, 

supp / o a Q C r CTiV / (crC") , (8) 

and the Fourier support statement follows since ip has compact support. 

Next, we prove (|6]). By (Q), it suffices to do so for p = 2 and p = oo. For p = 2, a 
standard argument using Schur's test and (§) shows that 

ll^/l|2<^||/oa || 2 = (7-i||/|| 2 (9) 

as required. The L°° bound follows from the fact that a sector of angular length (o~N)~^ 
intersects < cr~~ sectors of angular length (cf. (0)). 
To prove (|7|), we write 

T Q f = J2^-(^e*f)oa Q ) 
e 

and observe that if a > iV~5 ; the functions on the right are essentially orthogonal since 
their Fourier supports have finite overlap. Hence 



\T Q f\\l < ^ ||V • ((He * /) o a Q ) 



e 

s £ 

e 

d-l 



oo,mic ' 11^112 



2 

oo,mic 



□ 



2 N-functions 

Definition 2.1 yln jV-function zs a function f which has a decomposition 

-n-ev 

where V = V(f) is a separated family of 5 -plates and 

\M<fa, (io) 

suppf^Cn*. (11) 
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Such a decomposition is of course not unique; however, given an iV-function we will 
always fix a family of plates for / and the associated functions f n . A subfunction of / is 
a function of the form 

where V is a subset of V. 



N- functions are clearly Fourier supported in F^(C). Conversely, Lemma |2l^ allows 
us to decompose functions / with supp f C T N (C) into iV-functions while maintaining 
control of the || || PjOT i c norms. 

Lemma 2.2 Let f be an N -function. Then we have the estimates 

||/IU<^, (12) 
ll/IU*c< (N-*P\V\)' forp>2. (13) 

Proof The estimate (jl2|) follows by counting the number of 5-separated plates that can 
go through a fixed point. It remains to prove (|13|). By (|j), it suffices to do so for p = 2 
and p = oo. 

To check the case p = 2 it suffices to verify that the functions f n are essentially 
orthogonal. Namely, we first write / = YI-k* 9^*i where g n * is the sum of those f n with 7r 
dual to 7r*; thus g n * is Fourier supported in 7r*. Since tc* have bounded overlap, g n * are 
essentially orthogonal. We may therefore assume that all n have the same dual plate 7r*, 
hence are parallel and have finite overlap. But in this case it is easy to prove essential 
orthogonality using the decay of 0^; the details are left to the reader. 

For p = oo, we need to prove that 

||/*£e||oc < 1 

for each G. We have / * He = /„. * He, where the only non-zero terms are those 
corresponding to ir with n* fl r7v,e(C) 7^ 0- But all such ir are roughly parallel and 
therefore have finite overlap. It follows that 



11/ * Selloo ^ max II/; * H || oo < J , 



□ 
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Lemma 2.3 Let f be a function such that f is supported on Tn(C) and \\f\\oo,mic < °°- 
Then there are N -functions fx, with dyadic A satisfying 



such that 



A< H/lkmic, (14) 
A 

E ap ^IWa)I<II/II^™ c ( 16 ) 

A 

for each fixed p G [2, oo) . 

Proof We may assume that / is supported in r7v,e(C) f° r some 0, so that ||/|| PlTO i c = 
\\f\\ p - We fix a plate n so that supp / C |7r*. This is possible if the constant in the 
definition of n* was chosen large enough. Let {^j} be a tiling of by translates of n, 
and let ipj = ij)^.. Define 

V x = {n r . A< ll^/IU < 2A}, 

and 

Clearly, can be non-empty only for A as in (PI). 

We first show that each fx is an iV-function. Fix a plate tTj G Vx and let := A -1 ^/. 

It is clear from the definition that fj satisfies fllPf) . (|TT| ) follows from the fact that fj = 

ipj * f and is supported in ctvq, where c 1 is a small constant and ttq is a translate 
of 7r* centered at 0. 
Next, we have 

Since A/ A = . flTSP follows. It remains to prove flTfip. By Bernstein's inequality 
and©, 



Hence 

.d+l 



A j 

as claimed. □ 
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3 Proof of Theorem gTt] 

The main step in the proof of Theorem [Tl] is the following inductive argument. 

Definition 3.1 We say that P(p, a) holds if for all functions f such that supp f C Pjv(l) 
and ll/IU.min <1 we have 



|{|/l>A}|<A-^"^- a ||/||L (If 
provided that 5 is small enough. 



Proposition 3.2 Fix p > pd and suppose that P(p,a) holds. Then P(p, f3) holds for any 
P>(l-f)a. 



In this section we will prove Theorem |0.1| assuming that Proposition [O] is known. 
The remaining sections will be devoted to the proof of Proposition |3.2| . 



Corollary 3.3 Assume that we have proved Proposition \3. 3j . Then P(p, a) holds for all 
a > 0. 



Proof Let / satisfy the assumptions of Definition 3.1. It suffices to show that 



holds for some (large) a > 0, since then the conclusion will follow by iterating Proposition 
The left side of ( fI8D can be non-zero only when 



3.2 



A< llflloo <cT- 



-1 



where the last inequality follows from (^). On the other hand, flTS|) follows from Tcheby- 
shev's inequality if 

A p ~ 2 < 6 d -^~ a . (19) 
But this holds for all A as above if a has been chosen large enough. □ 

Lemma 3.4 If ( |76[ ) holds, then the corresponding strong type estimate 

\\f\\ P P £S d -^- a \\f\\l (20) 
also holds for the same class of f . 



Proof Write |/| « J2\^X\f\~\ with dyadic A. By (|3|) we have ||/||oo < 5 2 ; on the 
other hand, (|20"D is trivial for functions with ||/||oo ^ <5 n for n large enough. Therefore the 
lemma follows by summing (fl8f) over dyadic A with <5 n < A < 5^^. □ 



Proof of Theorem pTT] , given Proposition |37|. Let p > p d . Let / be Fourier supported 
in Pat(1), and assume that 

|p,mic — 1- (21) 



Fix e > 0. We will prove that 



lp(Q ) 



d d-1 

< 6?-^-\ (22) 



where Qo is the unit cube. A standard argument using the partition of unity {i(j(x — 
j)} JgZ d+i will then yield Theorem (p.l| ); the details are left to the reader. 

Observe also that ( |2Tj ) implies that ||/||oo ^ 8~ K for some large constant K. Indeed, 
let /e = So * /. Since /e is supported in T N ^ e (C), we may apply Bernstein's inequality 
to /e, obtaining 

ll/elloo < |r^ e (C0|>||/el| P <^. 

Summing over O, we obtain the claimed bound. 

Let / ~ ^2\<s-k A/a be the decomposition given by Lemma [27|. By (|16|) and Lemma 
27|, the iV-functions f\ satisfy 

and (using also (|5|)) 

IIMI^||MH miC <A^. (23) 



By Corollary |3.3| and Lemma |3.4j , we have (|20|) for any a > 0. Substituting (|23|) in 
0|), we obtain 

II/aII?< x-^-^-^, 

which is (H). 

Note also that J2x<sk' A/a with JC' large enough is bounded pointwise by a large 
power of 5, hence satisfies (0). Since there are logarithmically many dyadic A with 
& K ~ ^ ~ ^"^5 the result follows by summing over A. □ 



10 



4 A few geometrical lemmas 

In this section we collect the geometrical information needed in the proof of Proposition 
33. 

We begin with some preliminaries. Let V be a family of 5-plates. For each n G V we 
pick a (52-tube r containing ir, thus obtaining a family of tubes T. We let T be a maximal 
v^-separated subset of T. Replacing the tubes r G T by their dilates Cr if necessary, we 
obtain a separated family of CVS-tubes T{V) so that each 7r G "P is contained in some 
t(7t) G T(V) (if 7r is contained in more than one tube in T(V), we pick one arbitrarily), 
and that the plates n with the same t(tt) = r are all parallel. 

For each r G T('P) we define 

Xp(r) = {neV: t(tt) = r}. 

Thus V is the disjoint union of the Xp(r)'s where r runs over T(V). The type r component 
of P is the subset V r C V defined by 

V r = |J X P (r). 

r<|X P (r)|<2r 

We will say that "P is type r if V = V r - 

Lemma 4.1 Assume that V is type r. Then for any 5^ -cube Q we have 
Proof We first prove that for any 5^-cube Q and for each r G T(V) 

/ Yl fa ~ ^ r / 

*3 ^ :T(7r)=r 

Let T be the infinite tube extending r in the direction of its longest axis. If Qn 100T 7^ 0, 
we have 

^ 7r:r(7r)=T ^ 

If on the other hand Q fl 100T = 0, we have the pointwise estimate Y^tt-tM=t fa( x ) ~ 
S^r(p T (x). This proves our claim. 
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It follows that 

/ $ P < 5^r / $ rCP) 
J Q JQ 

for each 5^-cube Q. The lemma is now easily proved by writing <pQ = Y1q> 'PqXq' an d 
using estimates like (0). □ 

The main geometrical argument is as follows. 

Lemma 4.2 Let V be a separated family of 5 -plates, and let W C M d+1 . Assume that 
t ps 5 C with < c < 1. Then there is a relation ~ between plates in P and t-cubes Q such 
that 

\{Q: it ~ Q}\ < 1 /or allnEV (24) 
fwf/i £/ie implicit constants independent of it), and 

i b <r 3d \w\\r\K (25) 

where 




Proof We may assume that all the plates and points are contained in a large cube of 
side length < 1. 

We define a relation ~ by declaring that each ix e V is related to Q(ir) and its 
neighbours, where Q(n) is the t-cube with maximal \W H Q fl 7r| (if there is more than 
one such cube, choose one arbitrarily). It is clear that (El) holds; we need to prove Q2"5p. 

We can pigeonhole to obtain V C V and v so that 

\h\ ^ v\V\ (26) 

and 

\{x e W n ix : 7r Q(x)}| ps z/ for each ix G P'. 

Hence for each it EV' there is a cube Q'{ix) such that 7r Q^ 71 ) an d iW^nQX 71 ") ^ 
By the choice of Q(ir), we also have |VFn(5(vr) D 7r| > iV. Since the number of all possible 
pairs of t-cubes (Q,Q') is < t~ 2d ~ 2 , there are cubes Q, Q' such that Q = Q(ir) and 
Q' = Q'(n) for at least t 2d + 2 |7?'| plates ir E V. Fix such Q and Q', and consider the 
quantity 

A= ^ |WnQn7r| • |WnQ'n7r|. 

Trev 
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From the above estimates we have 

A >t 2d+2 \v'\ ■ (t^) 2 = t 2d+4 u 2 \v\. 

On the other hand, we can rewrite A as 



JwnQ JwnQ' v&v , 



Since Q' is at distance at least t from Q, for any x G Q, x' G Q' there are < £ d+1 separated 
plates that go through both x and a/; in other words, J2neV' Xtt{ x )x-k{ x ') ^ t~ d+1 . Hence 

A < r d+1 \w n Q| • |w n Q'| < r d+1 |iy| 2 . 

Comparing the upper and lower bounds for A, we find that 

v<r^\W\ \V'\- 1/2 - 
Plugging this into (|26| ) and using that \V'\ < \V\, we obtain (|25|) . □ 



We now prove a version of Lemma [L| with "Schwartz tails" ; the argument here is 
quite standard. 

Lemma 4.3 Let W C M. d+1 and let V be a family of separated 5 -plates. Fix a large 
constant M . Then, if the constant M in the definition of (ft has been chosen large enough, 
there is a relation between t- cubes and plates in V satisfying $2$) and such that 



[ $ b v <r 3d \v\^\w\ + 5 Mo \w\, 

Jw ~ 



(27) 



where 

Proof For each 7r G V we have a decomposition = IJfclo 2 fc,7r > with (ft n rs 2~ feM on 
2 k+1 ir \ 2 k ir. Therefore 

/ ^< / E E 2 ~ fcM ^%(^)^- (29) 
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Pick K so that Cq log(i<5 2 ) < K < 2cq \og(t5 2 ) for a sufficiently small constant Co > 0. 
Then the last integral is bounded by 

f>-* M / £ X 2^(x)dx+ f j2J2 2 ~ kM ^w dx - ( 3 °) 

fc=0 neP,TT^Q(x) Jw k>K-KdV 

Fix a value of k < K. Let 7^ be a maximal subset of T 3 such that the plates {2 fc 7r : 
71 £ Vk} are separated (on scale 2 k 5). Then for each n £ V there is a 71*. G 7^ such that 
2 fe 7r is comparable to 2 fc 7iv Let c be a constant such that 2 k n C 2 k c7ik for all 7r G P. 

If Co was chosen suitably small, 2 K \fb is sufficiently small compared to t, so that we 
may apply Lemma |4.2| to the plate family {2 k cn : tt G Pfc}- The relation thus obtained 
will be denoted by ~fc,o- We now define a relation ~ k between plates in V and t-cubes by 
declaring that 

~fc Q 4$ 2 k cK k ~ fcj0 Q. 

Then for each n we have 

{x E W f] 2 k 7t : tt Q(x)} C {a; G W H 2 fc C7 r fc : 2 fe C 7r fe / M 
Since there are at most < 2 fc< - d_1 ) plates tt with the same 7Tfc, we have from fl25l) 

/ W^cfo = ^|{xGiyn2 fe 7r: tt ^ fc Q(x)}| 

< 2^-^^ \{xeWn2 k c7i: 2 k c7T^ kfi Q(x)}\ 

< 2 fc(d-l) r M|^| I 

< 2 fe(d-l) r 3d| W | 

Finally, we define a relation ~ as follows: 

TV ~ Q ^ 7r Q for some k < K. 
We have K ;$ 1, hence (|2~3| ) holds. Moreover, the first term in ( |3CD is bounded by 

< £ 2 -*M / £ ^(^ete 



k=0 " irr£ k Q(x) 

K 

< y^ j 2^ kM 2 k{ - d ^ l) r u \w\ \V\% 

-3d 



< t- M \w\ \v\ 
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It remains to estimate the second term in (p0|). For any x we have 

\{nEV: xe2 k n}\ < 2 k( - d+1 ^5~ 2d . 
Hence, if M was chosen large enough, we obtain that 

J W k>Kw£V J W k>K 

< 2- KM/2 5- 2d \W\ 

< s M °\w\, 

where at the last step we used that K > log(i). □ 



We will also need the analogue of Lemma 4.3 with plates replaced by tubes. The proof 



is identical to that of Lemma 4.3, therefore we omit it. 



Lemma 4.4 Let W C and let T be a family of separated \f5-tubes. Fix a large 

constant M . Then there is a relation between t-cubes and tubes in T satisfying and 
such that 

[ ^T^t- 3d \T\^\W\+S Mo \W\, (31) 

where 

reT,r^Q(x) 

5 A localization property 

In this section and throughout the rest of this paper we will always assume that t is a 
dyadic nuumber such that t « 5 €0 with eo > sufficiently small. 

Definition 5.1 Let f be an N -function. We say that f localizes at A if there are sub- 
functions fQ of f , where Q runs over t-cubes, such that 

£lW Q )l£|P(/)| (33) 
Q 

and 

|{|/l>A}|££K?n{|/«|>A}|. (34) 
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Lemma 5.2 Let f be an N -function with plate family V. Assume that 



\V\ < t Ad \ 2 . (35) 

Then f localizes at A. 



Proof of Lemma |5.2| Let k = \V\; since k > 1, (|3q) implies that A > 1. Let also 
= {|/| > A}. Since |/„-| < 4> n and T 3 is separated we also have A < $-p(x) < 5~~ if 

x e W. 



We apply Lemma [4.3| to P and W, obtaining a relation ~ such that 

<& b T <r M k?\w\ <t\\W\, 



w 

where the last inequality follows from (|35"D . Hence there is a subset W* C W with 
proportional measure such that 

£ tX for ^ e (36) 

Define for each Q 

Then for x G VF* fl Q we have 

|/(x)-/«(x)| = |^A(a;)|<^(x)<tA, 



so that |/^| > A on W* D Q. It remains only to observe that the bound (33) follows from 



1). □ 



Theorem ( p.l| ) with pd = 2 + can be proved using only Lemma |5.2[ However 



this does not give any result for d = 3. We therefore prove a similar lemma with the 



assumption ( pq) replaced by (p7D , thus gaining an additional factor of nearly 5 4 when 
A is close to its maximum possible value 5~^~ . The conclusion of the lemma is somewhat 
weaker: essentially, it will allow us to obtain a localization effect on one of the two scales 
N or v^V. 
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Lemma 5.3 Let f be an N -function and assume that 

\V(f)\<t 20d S^X 4 . (37) 

Then either f localizes at X, or else there is a subfunction f* of f such that \f*\ ^ A on 
a logarithmic fraction of {\f\ > A} W, and 

UAf*\\l<t 5d 5^\ 2 (38) 

for each 5^ -cube A. 

Proof We note that A > 1, and let k = \V\. Let V r be the type r component of V, 
then for some r we must have 

\W\>\{\f\>\}\, 

where W = {x : \f(x)\ > A, \f Pr (x)\ > A}. With this value of r, we let T = T(V r ) be 
the family of v^-tubes defined in Section |J We clearly have 

\T\ < kr-\ 

We now consider two cases. 

Case 1: A > t _4d (-)5. We claim that / localizes; the proof is similar to that of 



Lemma 5^2, except that we use Lemma [4.4| instead of Lemma |J. By Lemma O, there 
is a relation ~ between tubes from T and t-cubes satisfying (^4|) and 



/ 

Jw 



®T£t- 3d (^y\w\ <tx\w\. 



Hence there is a subset W* of W with proportional measure such that ~ ^X on W*. 
We define a relation between plates n e V T and t-cubes via 7r ~ Q if t(tt) ~ Q, and let 



Then for x G D Q we have 



|/(x)-/«(x)| = |^/.(x)|<^(x)<tA, 

TT^Q 
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hence \f Q \ > A on W* n Q. The bound (g3j) follows from (0). □ 

Case 2: A < t~ 4rf (£)^. We will show that in this case fp r satisfies fl38|). Fix a <55-cube 
A. A slight modification of the argument in the proof of Lemma [E2] shows that the 
functions ^a/tt are essentially orthogonal. Hence 



WMvAl « II E ^aMIH < / E i^i 2 ^ < I* 



Vr<PA- 



By Lemma |4. 1| , the last integral is bounded by 5^r J $r0A- An easy Schwartz tails 



calculation using the pointwise bound $r J$ $ 2± shows that 



/ 



We are also assuming that r < t 8d k\ 2 . Therefore 

where at the last step we used fl37|). □ 



6 Proof of Proposition |3r2 



In this section we will prove Proposition |3.2| . The general scheme of the proof is as follows. 
We will see in Lemma |6.2| that it is easy to prove the proposition for A^-functions which 
localize; therefore the main issue is to obtain the localization effect on some suitable scale 
N. 



In Lemma 6.1 we decompose / into functions with Fourier support in cone sectors of 

' ' 3 3 

size roughly iV x Ni x . . . x N*, use a Lorentz transformation to rescale each of these 
sectors to a neighbourhood of and apply the inductive hypothesis to the functions 
thus obtained. We are then left with the task of estimating the measure of the sets of 
large values of certain parts of / which can be rescaled to y/N-f unctions /a, with good 
estimates on the cardinalities of the corresponding plate families. Namely, if p > pd then 



it can be shown that /a satisfy the assumptions of either Lemma [5^ or Lemma [O 
Thus either /a localize, or else we can change scales again and obtain localization for 
an appropriate further decomposition of /a- Applying the inductive hypothesis again on 
scale slightly smaller than \fN, we obtain the proposition. 
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Lemma 6.1 Assume that P(p, a) is known for some p and a. Let f be Fourier- supported 
in T N (C) and such that \\f\\oo,mic ^ 1- Then for any A > 5 C9 and for any e > there is 
a A* and a collection of ^/N -functions {/a} so that a logarithmic fraction of {\f\ > A} is 
contained in Ua a A > A*}), and 

A^ +e <A,<r^, (39) 
\V(f A )\<5- c ^y8-^U A f\\l (40) 



Proof We write / = J^a^a/, where A runs over -s/^-cubes. Fix a small e > 0. It is 
an easy exercise to prove that 

{|/|>A}cU{I^a/|>^A} ; (42) 

A 

using (§) and the Schwartz decay of if). 

For each A we apply Lemma O] at scale \fN to Ta/, obtaining a decomposition 



T A f « £ ^ 



where are V^/V-functions. By (0) and (|6]) we have 

h< \\T A f\\ 00 , mic <5-^. (43) 

Since we also assume that A > 8 9 , there are logarithmically many relevant dyadic values 
of h. We may therefore choose h = h(A) so that a logarithmic fraction of {|Ta/| > S t X} 
is contained in the set {\hg^\ > 5 2t \}. Finally, we pigeonhole to get a value of h so that 
a logarithmic fraction of {|/| > A} is contained in [j A a A 1 ({|/i<7^| > S 2e \}). 

Let A* = 5 2e Xh~ 1 and f A = gfc, with this value of h. The lower bound in ( |3"9"| ) follows 



from ( [l"3|) . To obtain the upper bound, we use that 



where the last inequality follows from ( Jl2 ) 
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Let Va be the plate family for /a- Applying ( 16 ) on scale y/N and using that h = 8 2e j- 
we obtain 

I^A|<iV^(^^)- p rA/ll^ c - (44) 

Applying @ with p = 2 and then using that ||T A /||| = 5- {d+ ^ /2 \\ip A f\\l, we obtain §3). 
It remains to prove ([fl]). By (H), it suffices to show that 



£||/aII^<^- c ^-^-»II/II^ (45) 



( d+1 ^, _d (d-l)p a , 

, II J A Hpjmie ~ 
A 

Let be a finitely overlapping covering of S^ 1 by spherical caps of angular length 
iV -1 / 4 , so that the corresponding cone sectors Tn^(C) have dimensions roughly CN x 

3 3 

CiV* x ... x CA^4 x C . Let also H# are functions whose Fourier transforms agree on 
T N (C) with a partition of unity subordinate to the covering {T N ^(C)} of T N (C). 
We first claim that 

eii/aii^ c <^eh h *** ( 46 ) 

A * 

Indeed, using the definition of || • || P|OT i c and rescaling x — > 5 _ ^~a; we obtain that 

A A * 

Observe now that 

2* * (Va ■ (2*. * /)) ^ (47) 

is possible only if the Fourier supports of and if)& ■ (H$/ * /)) intersect, i.e. if Ftv,^(C) 
intersects the Cv^/V-neighbourhood of rjv,*'(C). Since y/N <C iV 3//4 , the latter set has 
(for large N) roughly the same size as T^^/(C). Hence the number of \V for which ($7\ ) 
holds with a fixed \¥ is bounded by a constant (independent of N and \V'), and similarly 
with \l/ and ^' interchanged. It follows that 



EEii H **(^/)H£ s EEEii s **^a-(^*/))ii^ 

* A * A *' 

s EEii^-(a»'*/)ii5 

A *' 

< Eii H *'*/ni 



\p- 
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which proves ( pp . 

We now fix a $ as above, and let be a Lorentz transformation mapping T^^(C) 
to a sector of r^y(C"). Namely, suppose that \I> is centered at a point e G S^ -1 , and let 
u>i, . . . ,uJd-i be vectors orthogonal to (e, 1) and (e, —1). Then is the transformation 
mapping (e, 1) to iV~ 1//2 (e, 1), (e, —1) to (e, —1), and cji to iV -1 / 4 ^. 

Let = (H* * /) o then ^ is supported on r^y(C"). We further have 

99\\ 

This follows from the fact that sectors of of angular length iV~5 contained in \1/ 
correspond to sectors of of angular width under L^. 

Applying the inductive hypothesis flTjp on scale A" 2 to the functions g^, and using 
(p0|), we conclude that 

||^*/||^<r^rf5l-^||^*/|ir 

Combining this with (EBI) and using the essential orthogonality of H$ * /, we obtain (H^) 
as claimed. □ 



Lemma 6.2 Assume that P(p, a) holds, and let f be an N -function with associated family 
of plates V which localizes at height A. Then for any /?>(! — eo)a we have 



i{m>A}i<A-^-^-^in (48) 

Proof Let W — {|/| > A}. The localization assumption means that / has subfunctions 
f Q , where Q ranges over t-cubes, such that ( |33|) holds and 



\w\<\{Jw Q \, 



where W Q = {x E Q : \f Q (x)\ > A}. 

Let g Q = (ifj Q f Q )oa Q . By Lemma |T72| we have ||pQ||co,mic ^ t *~ ■ Applying the induc- 
tive hypothesis (|l"8"D to t~ gQ, with A" replaced by tA" and A replaced by (log ^)~ c t~ X, 
we obtain 

|{bg|£A}| < A^(tiV)^- rf+a rM^|b Q ||§ 
= A-^-^-ri^H 2 ,. 
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By (|), (O, and (H), we have 



Hence 



E 11^112 s rd E s ^ E i^i- - ^ 

Q Q Q 



Q Q 



~ A o 2 * \\9q\\2 

Q 

< X^5 d -^- a t a ■ 5^\V\. 
The lemma follows since t = 5 e °. □ 
Lemma 6.3 Assume that we know P(p,a), and let f be an N -function satisfying (pTj). 



Then holds if (3 > (1 - § )a. 



Proof Let W = {\f\ > A}. By (|37|), we may apply Lemma |573| to / and A. If / localizes 
at A, then the conclusion follows from Lemma |6.2| . Otherwise, there is a subfunction /* 
of / such that |/*| ^ A on a logarithmic fraction W* of W and that 

||^ A ril2<^ |(d+1) A 2 (49) 



for each <$2-cube A. We apply Lemma |6.1| to /*, obtaining a family of v iV-functions /a 
and a value of A* as in (|39| ) so that 

{in ^ A}| < | U«a({I/a| > M)l (50) 

A 

\V(f A )\<S~ c H M \l (51) 

E Wa)I < r^-!^)(^i-^-f ii/il (52) 



(here (0) follows by substituting (g|) in (gg)). By (0), / A satisfy fl35|) with A, and VN 



replacing A and N. Hence /a localize at A*, and by Lemma 

|{|/a| > K}\ < 5- c '\^8t-^-^\V(f A )\. (53) 
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Substituting this in (|50|), we obtain 

|{|/I>A}| < ^^i{|/ A |>Aj| 

A 

A A 

< 5'^X- p 5 d -^- a ^-^\\f\\l 

The conclusion follows since ||/||! ^ by Lemma 4.1 with p = 2. □ 

Proof of Proposition |3]2| Let / be a function such that supp / C Pjv(l) and ||/||oo,mic < 
1. We have already observed that ( f4"8| ) follows from Tchebyshev's inequality if fllTf ) holds. 
Therefore we may assume that ([19|) fails, i.e. 

A > S-^ + ¥^2 (54) 

Let /a be the Aj/iV-functions constructed in Lemma |6.1| . We claim that if (Q) holds 
and p > pd, then /a satisfy the assumptions of either Lemma |0| or Lemma |6.3| with S 
and A replaced by \fS and A*. Indeed, we have H^a/H^ ~ & by (|7|) and rescaling; plugging 
this into (|40| ) we obtain that 

IWA)l<r^|r^. (55) 

Assume first that p > 2 + Then by (|4|) 

where we used that t = 5 e °. Thus ( p5|) holds, and by Lemma |6.2| /a localize. 

If on the other hand p > 2 + ^J 2 ^, then we have from ([)4]) and (|39|) (after some algebra) 

A 2 A^ > 6 C *\ 4 5^ +M ^ > t~ c . 
It follows that A -2 < ^A 2 ^ 2 ^. Substituting this in ( p5|) yields 

Wa)I<^, 

which is fl37|) on scale \/S. 
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We may thus apply Lemma IO or ICO respectively to /a, and obtain that 



d-\-l d (d—l)p -y 

|{|/a| > a*}| < A^+^-^-ilWA)!- 



for any 7 > (1 — y)a. Hence 

|{i/l>A}| < <^^|{L/a|>A*}| 

A 



< 8- c ^8 d -^-^\\f\\l 

as required. □ 
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